Separable bimodules and approximation* 



S. Caenepeel Bin Zhu* 

Faculty of Applied Sciences Department of Mathematical Sciences 
Free University of Brussels, VUB Tsinghua University 

B-1050 Brussels, Belgium 100084 Beijing, China 

scaenepe@vub.ac.be bzhu@math.tsinghua.edu.cn 



Abstract 

Using approximations, we give several characterizations of separability of bimodules. We also 
discuss how separability properties can be used to transfer some representation theoretic properties 
from one ring to another one: contravariant finiteness of the subcategory of (finitely generated) left 
modules with finite projective dimension, finitistic dimension, finite representation type, Auslander 
algebra, tame or wild representation type. 

Introduction 

The notions of approximation and contravariantly finite subcategory were introduced and studied by 
Auslander and Smal0 [J3j] in connection with the study of the existence of almost split sequences in a 
subcategory. It turns out that these notions are important in the study of representation theory of Artin 
algebras. For example, Auslander and Reiten (cf. [j|], ^) proved that certain contravariantly finite sub- 
categories of a module category are in one-to-one correspondance to cotilting modules. 
Auslander and Reiten ([jl|], [^]) showed the image of a functor having a right adjoint is contravari- 
antly finite, we refer to [|(]] for a more general result. Now let R and T be rings, and M a (T,R)- 
bimodule. Then we have a pair of adjoint functors between the categories of /^-modules and T-modules, 
and it follows from the Auslander-Reiten result that the evaluation map um '■ M ®r *M — > T is a right 
Im(F)— approximation of T. This observation enables us to study separable bimodules and separable 
extensions from the point of view of homological finiteness theory. Separable bimodules have been in- 
troduced by Sugano [18]; there has been a revived interest recently, see for example [H], [B], [ JT~Q| ] and 



In this note, we will apply approximation theory to study ring extensions. Another aim is to study repre- 
sentation theoretic properties that are shared by rings connected by a bimodule. 

Let A be an Artin algebra. If P§ (A), the category of finitely generated left A -modules with finite projec- 
tive dimension, is contravariantly finite in the category A-mod of finitely generated left A-modules, then 
the finitistic dimension of A is finite (see [p, [0], [Jsj] ) - Bass conjectured that the the finitistic dimension 
of A is finite, if A is a finite dimensional algebra over a field k (cf. [§]). The problem is that P§ (A) is 
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not always contravariantly finite in A-mod (see [^] and [Q]), so it is important to find algebras for which 
Pg (A) is contravariantly finite. If T is a biseparable extension of R, then the following properties are 
shared by T and R: contravariant finiteness of the category of finitely generated modules with finite pro- 
jective dimension; finitistic and Finitistic dimension. In the situation where R and T are Artin algebras, 
we have that R is an Auslander algebra if and only if T is an Auslander algebra. If R and T are Artin 
algebras connected by a biseparable (T,/?) -bimodule, then T is of finite representation type if and only 
if R is of finite representation type; this generalizes a result of Jans [^] and of Higman [0]. If two finite 
dimensional algebras R and T over an algebraically closed field are connected by a biseparable bimodule, 
the T is of tame (resp. wild) representation type if and only if R is of tame (resp. wild) representation 
type. Some of these results have been proved in [[If]], in the case of skew group ring extensions; a skew 



group ring extension is a biseparable extension if the order of the group is invertible (compare to Q16 , 
Theorem 1.4]). 

Our paper is organized as follows: in Section |J, we recall some preliminary results. In Section ^[ we 
present some characterizations of separability of bimodules, using approximations, and we discuss how 
separable bimodules can be used to construct new separable bimodules. Section || is devoted to the study 
of representation theoretic properties of rings connected by a (separable) bimodule. In Section ||, we 
show that approximations are reflected by separable functors and we show that the conditional expecta- 
tion of a Frobenius extension is an approximation. 

1 Preliminary results 

Let R and T be rings (associative with unit), and let M G jMr be a (r,/?)-bimodule. Then the right and 
left duals 

M* = Uom R (M,R) and *M = T Uom(M,R) 
are both (R,T) -bimodules; the left and right action are respectively given by 

rft(m) = rf(tm) and (m)rgt = {{mr)g)t 

for all r G R,teR, m G M, f G M* and g G *M. 

A ring extension R/S is a ring homomorphism i : S — > R. R is then naturally an S-bimodule. R/S is 

called separable if the multiplication map R — ► R splits as a map of /?-bimodules. 

For a ring T, we consider the following full subcategories of the category of left T-modules : 

• T-mod, consisting of finitely generated left T-modules; 

• 2°°(T) consisting of modules with finite projective dimension; 

• <P^(T) consisting of finitely generated left T-modules with finite projective dimension. 

Let k be a commutative Artin ring. Recall that a fc-algebra A is called an Artin algebra if A is finitely 
generated as a /^-module. An Artin algebra is of finite representation type if there are only finitely many 
isomorphism classes of finitely generated indecomposable left modules. Now we recall the definition of 
finitistic dimension of an Artin algebra [^] : 

fin.dim(A) = supjproj.dim(M) | M G 2^°(r)} 
Fin.dim(A) = sup{proj.dim(M) | M G (P°°(T)} 

A conjecture of Bass states that the finitistic dimension of a finite dimensional algebra over a field k is 
finite, see [§] and [JsJ] for an introduction and some partial results. 
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Now we recall some definitions from [jl|] and |Q] that we will need in the sequel. Recall first that a 
covariant functor F : C — > Sets is called finitely generated if and only if there exists an object X£C 
and a surjective natural transformation <r(X,») — > F. A contravariant functor is finitely generated if the 
corresponding covariant functor C op — > Sets is finitely generated. 

Definition 1.1 Let C be a full subcategory of the category ©. 

(i) C is called contravariantly finite in © if for all X G ©, the representable functor Homj,(»,A') re- 
stricted to C is finitely generated as a functor on C; 

(ii) C is called covariantly finite in © if for all Y G ©, the representable functor Horn ®(Y,») restricted 
to C is finitely generated as a functor on C; 

( Hi) C is called functorially finite in © if C is co- and contravariantly finite in © . 

C is a contravariantly finite subcatgeory of © if and only if the following holds: for each X G ©, there 
exists X\ G C and a morphism / : X\ — > X such that Hom r (»,/) : Hom c (»,Xi) — > Hom 2) (»,X) is 
surjective. This means that every map \|/ : C — > X, with C G C, factors through /: 

\|/ = /o(p: C —5- Xi — ^— X 

for some cp : C — > Xi. The map / is then called a right C -approximation of X. Observe that a right C- 
approximation is not unique. Left C -approximations are defined dually. Pairs of adjoint functors induce 
approximations: 



Lemma 1.2 (/]/]/, /|2]/) Suppose that F : C — > © has a right adjoint G. Then Im (F), the full subcategory 
of T), consisting of objects of the form F(C) with C G C, is contravariantly finite in ©. For any X G ©, 
the counit map Ex '■ FG(X) — > X is a right Im (F)-approximation ofX. Im (G) covariantly finite in C. 

Proof. Let r\ : l c — > GF be the unit of the adjunction. Then for all C G C, we have 

£f(c)°^(ilc) = 1f(c) 

Consider / : F (C) — > X in © . £ is a natural transformation, so we have a commutative diagram 

FGF(C) FG > FG(X) 

£ F(C) £ X 



F(C) X 

We then compute 

/ = /°6f(c) ^ 7 ( r lc) = £x °FG(f)oF(r\c) 
and this is exactly the factorization that we need. □ 



Lemma [L2| has been generalized in p0| ] : let T be a full subcategory contravariantly finite of C . Then 
F(T ), the full category of © consisting of objects isomorphic to some F(T), with T G T , is a contravari- 
antly finite subcategory of © . 
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2 Separable bimodules 



The aim of this section is to produce some new separable bimodules from given separable bimodules. 
Separable bimodules were introduced by Sugano [ptl and studied recently in [@], [g|, [fO|l and [0], 



among othres. We recall the definition from Let 7? and T be rings. Given a bimodule rM«, there is a 
natural T -bimodule homomorphism, 

w M : M(g) R *M^T, i u M {m®f) = (m)f 

Definition 2.1 M is called a separable bimodule, or T is called M-separable over R, if um is a split 
T-T-epimorphism. 

Remark 2.2 It is easy to see that M is separable if and only if there exists e = Y, m i ®fi € M ®r *M such 
that U]n(e) = \ j and te = et, for all t £ T. e is then called a separable element of M JToj] . 

Definition 2.3 A bimodule jMr is called biseparable ifM and M* are separable and jM, Mr are finitely 
generated projective modules. 

Assume that Mr is finitely generated projective. Then the evaluation map M (M* ) = «Hom (M*,R) 
is an isomorphism. Identifying M and *(M*) = R Ylom(M*,R), we find that u M * ■ M* ® T M — ► R is the 
evaluation map given by 

u M *(f®m) =f(m) 

Definition 2.4 A ring extension R /S is called biseparable if rR$ and sRr are biseparable bimodules. 

To a bimodule tMr, we can associate an adjoint pair of functors (F = M ®r»,G = yHom (M, •) between 
the categories rM and j'M of respectively left /^-modules and left T-modules. The same formula defines 
an adjoint pair of functors between the categories of bimodules rMt and t^t- Using approximations, 
we now easily find the following characterizations of the separability of a bimodule. 

Theorem 2.5 Let jMr be a bimodule. Then the following statements are equivalent. 

1 ) jMr is separable, that is, um '■ M <S>r *M —*T is a split T — T —epimorphism; 

2) there exists a split epimorphism of T -bimodules (j) : M®r *M — > T; 

3) there exists a split epimorphism of T -bimodules (}> : M®rX — > T for some bimodule rXj; 

4) T is a direct summand M ®r *M as a T -bimodule. 

Proof. The implications 1) =>-2) 3) and 1) 4) 2) are obvious, and we are done if we can show 
that 3) implies 1). We have seen in Section [T] that Im(F) is a contravariantly generated subcategory of 
t Mt, and 

u M :M® R *M^T, u M (m®f) = (m)f 

is a right Im (F) -approximation of jTj. This means that for any T-bimodule morphism (j) : M<S>rX — > T, 
there exists a T-bimodule map (j)i : M®rX — > M (Sir *M such that § = um°§\- If (j) is split, then um is 
also split, and jMr is separable. □ 

Let A/S be a ring extension (in other words, we have a ring homomorphism i : S —> A). Then we have 
two bimodules aAs and and A/S is a separable extension if and only if aA$ is separable, while A/S 



is a split extension if and only if $Aa is separable (see [10]). From Theorem 2.5, we immediately obtain 
the following result. 
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Corollary 2.6 A ring extension A/S is separable if and only if A is a direct summand o/A (%A as an 
A-bimodule; A/S is split if and only ifS is a direct summand of A as an S-bimodule. 

Let X be a r -bimodule. An element x G X is called faithful if x • t = implies t = 0. Denote 

T Z f (X) T = {xeX | x is faithful and i-( = M,V/€7} 



Lemma 2.7 Le? M be a T -R-bimodule. Then M ®r *M contains a submodule N which is isomorphic to 
T as a T-bimodule if and only ifjZ^{M ®r *M)j ^ <1> 

Proof. Suppose that N is a submodule of tM(£)r *Mj and (j) : T — > is a T-bimodule isomorphism. It is 



easy to see that e = (j)(l) is a casimir element of M(g>R *M [10]. If = 0, then (j)(f) = 0, and then t = 0. 
Therefore e G r Z / (M ® s *M). 

Conversely, let e G jZf{M ®r *M). Then 7e is a T-subbimodule of M ®# *M. It is easy to see that Te is 
isomorphic to T as a T -bimodules. □ 

We will now discuss how to produce separable bimodules from given separable bimodules. 

Theorem 2.8 Let tMr be separable and rNs a bimodule such that the evaluation map 

uT : N ®s ftHom (N, *M) -» *M, u^{m®f) = (m)f 
is a split R-T -epimorphism. Then jM ®rNs is separable. 
Proof. We have an S-r-bimodule isomorphism 

T Uom(M(g)RN,T) = R Uom(N, T iiom(M,T)) 
It follows that we also have a T-S-bimodule isomorphism 

(M (Sir N) ®5 *(M (£>rN) =M (£>r (N <S>s i?Hom (N, *M) 
From the fact that u^ is a split 7?-r-epimorphism, it follows that *M is an R-T-dkect summand of 



N<g) SR Hom(N,*M). Then J is a T-J-direct summand of of (M ® R N) <g> s *(M ®rN), and Theorem 2.5 



tells us that M (g>« N is separable. □ 
As a special case, we have the following consequence. 

Corollary 2.9 Let tMr and rNs be separable bimodules. Then jM ®rNs is also a separable bimodule. 
Proof. Let R N S be separable. It is easy to see that : N ®s «Hom(Af,*M) — > *M, u^{m®f) = (m)f 



is a split /? — T-epimorphism (see also the proof of Lemma 3.1), and it follows from Theorem that 



tM®rNs is separable. □ 



Theorem 2.10 Let tMr be separable and sXr biseparable. Then Hom#(M,X) is a separable T-S- 
bimodule. 
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Proof. Set N = Hom R (X,M), *N = 7- Horn (N, T). We will prove that N®s*N contains T as a r-bimodule 
direct summand, and then, by Theorem [L5] , N is separable. It is easy to see that X ©# j Horn (M, T) is 
an S-r-bimodule. If we can prove that N<g>s (X ©# rHom(M, T)) contains T as a J -bimodule direct 
summand, then it follows from Theorem |^5| that T is a direct summand of tN (8>s *Nt ■ From the bisepa- 
rability of sX R , it follows that 

<|>: Uom R (X,M)® s X ->M, 4>(/®Jc) = (*)/ 

is a split epimorphism, hence jM R is a direct summand of Hom R (X,M) ® S X. Then (Hom«(X,M) ©s 
X) (8>s 7- Horn (M,r) contains M® r ® R t Horn (M,T) as a r-bimodule direct summand. Since j-M« is sep- 
arable, 7-77- is a direct summand of M<8)r 7- Horn (M, T), and then it is a direct summand of (Homs(X,M) ©s 
X)® RT Hom(M,T). Since 

N® s {X ® RT Hom (M,T)) ^ (Hom R (X«,M«) © 5 X) ® RT Hom(M,T), 

jTj is a direct summand of N ©s (X ©r 7-Hom (M, T)). The proof is finished. □ 

Theorem 2.11 Let tM r be a separable bimodule and N an T -R-bimodule. Then j{M®N) R is separable. 

Proof. We have an /?-r-bimodule isomorphism 

*{M®N)^*M®*N 

Therefore we have r-bimodule isomophisms 

(M N ) ® R (M © N ) ^ (M © AO ® R (*Af *iV) 

^ (M ©« *M) © (M ©« *AT) © (tf ©« *M) © (2V ©« *N) 

If M is separable, then T is r-bimodule direct summand of M ©# *M, by Theorem [2.5[ Then T is 
also a r-bimodule direct summand of (M(BN) ®r*(M®N), and, again by Theorem ^3), t{MQ>N) r is 
separable. □ 

Let « be a positive integer and M a module. The direct sum of n copies of M is denoted by M". 

Theorem 2.12 jM R is separable if and only ifjM^ is separable. 

Proof. One implication is a direct consequence of Theorem [2.1 1[ Conversely, assume that is 
separable. *(M n ) = (*M) n , so we have an isomorphism 

M n ® R *(M n ) = (M © s *M)"~ 
It follows from the separability of M" that the map 

u M n : (M©«*M)" 2 T, u M >-(m i ®f i ) = '£(m i )f i 

is a split epimorphism. Here m 1 © f £M<g> R *M denotes the i-th component of an element (M ©# *M) n . 
Let e = (e 1 ) be a separability element of (M ©« *M) n . It is easy to see that the sum £e ! of all entries of 
e is a separability element of M. Therefore M is a separable bimodule. □ 
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3 Representations of rings related by a bimodule 



There have been various studies of properties shared by rings R and T related by a bimodule jMr. A 
precursor of these studies is the Higman's Theorem [[7|], stating that a finite group has finite representa- 
tion type in characteristic p if and only if its Sylow p-subgroup is cyclic. This result appeared later as a 
Corollary of Jans' Theorem [|h: for an Artin algebra R D T in a split separable extension, R has finite 
representation type if and only if T has finite representation type. 

More results of this type can be found in [|5j|. In this Section, we are mainly interested in representa- 
tion theoretic properties shared by rings related by a bimodule, such as: contravariantly finiteness of the 
subcategory of modules with finite projective dimension, Finitistic (or finitistic) dimension and repre- 



sentation types, Auslander algebras. Some of these were discussed in [16], in the special case of a skew 
group ring extension. We will generalize Jans' result to biseparable bimodules. We will prove the fol- 
lowing result, for finite dimensional algebras R and T over an algebraically closed field : if there exists a 
bimodule tMr, then T is of tame (resp. wild) representation type if and only if R is of tame (resp. wild) 
representation type. It would be of interest to have an Auslander-Reiten theory related to bimodules. We 



refer to [16] for some results on skew group ring extensions. 



For a bimodule tMr, we have the adjoint pair (F = M®r »,G = rHom(M, •)) from rM to j'U . For a 
subcategory T of j9A. , we denote by DS(f ) the full subcategory of j'M. consisting of 7-modules iso- 
morphic to a direct summand of X in T, by DSIm(F) the full subcategory of consisting of objects 
isomorphic to a direct summand of F(X), where X G rM . 

The following elementary Lemma will be a key tool in our subsequent results. 
Lemma 3.1 Let jMr be a separable bimodule. Then j'M = DSIm(F). 
Proof. For a left T-module N, consider the left /^-module 

*M N = r Horn (M, AO 

We have a left T-module homomorphism 

u N : M (S)r *M n — > N, u N {m®f) = (m)f 
Let e = Y, m i ® fi be a separability element of M, and consider the map 

v N : N^M® R *M N , v N (x) = Y,mj®fj-x 

Here fj-x G *M N is defined by the formula (m)(fj -x) = {{m)fj)x, for all m G M. Now we claim: 

1) v N is left T-linear. Indeed, for all t € T and n G N, we have 

v N (t-x)=Y,m j ®f j -(tx) = [(£mj®fj)-t]-x 

= t^mj® fj) ■ x = t^nij® fj ■ x) = tv N {x) 

2) u N o v N = idfj\ for all x G N, we have 

( u "ov N )(x)=£(mj)fj-x=x 
This means that u N is a split epimorphism of left T-modules and Af is a direct summand of M ®r *M n . □ 
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Let T/R be a ring extension, and consider the adjoint pair (F = T ®r*,G), where F is the induction 
functor, and G is the restriction of scalars functor, between the categories of left /^-modules and left T- 
modules. We have a second adjoint pair (F 1 = rT 0r •, G' = sHom (T, •)) between the categories of left 
r-modules and left /?-modules. 

Proposition 3.2 Let T /R be a separable extension with T projective as a right R-module and assume 
that proj.dim(RT) < oo. Then DSF(P°°(R)) = P°°(T). Moreover, ifP°°(R) is contravariantly finite in rM , 
then P°°(r) is contravariantly finite in j!M . 

Proof. Let X G rM with projective dimension m. Since Tr is projective, proj.dim(7T %X) < m. 
Then we have F(P°°(R)) C P°°(r), and then DSF(P°°(#)) C P°°(T) because P°°(r) is closed under 



taking direct summands. Now let F G P°°(r). By the change of rings Theorem (Q19|, section 4.3]), 
proj.dim^F) < proj.dim^F) + proj.dim(#r) < oo. T T R is separable, so we can apply Lemma 3.1, and 
we find that jY is a direct summand of F(Y), proving the first assertion. 

Assume that P°°(R) is contravariantly finite in rM . By [ p0| , Theorem 2.1], F(P°°(R)) is contravari- 
antly finite in j<M. . We will next show that DSi 7 (P°°(/?)) is contravariantly finite in r£W. Let Y be a 
left r-module, and 7o — ► Y be a right F(P°°(R)) -approximation of Y. We verify that Fo —> Y is also 
a right DS J F(P°°(/?)) -approximation of F. Take Z G DS J F(P°° (/?)), and let a morphism g : Z -> F. 
Z G DSF(P°°(7?)), so there exists Zi G F(P°°(/?)) and a split T-monomorphism i : Z -> Z y . Let 71 be 
a left inverse of /. Then there is a T-homomorphism h : Zi — > Yq, with go% = f oh. It follows that 
g = gonoi = fohoi, and ^ factors through /. Then DS/ 7 (P°°(/?)) is contravariantly finite, and therefore 
P°°(r) is contravariantly finite in j<M . □ 

Theorem 3.3 Let T / R be a biseparable extension. Then 

1. P°°(R) is contravariantly finite in rM if and only ifP°°(T) is contravariantly finite in j'M ; 

2. P^(R) is contravariantly finite in rM (resp. in R-mod) if and only P^(T) is contravariantly finite 
in yfW (resp. in T-mod); 

3. Fin. dim T = Fin. dim R; 

4. fin. dim T = fin. dim R. 



Proof. One implication of 1) follows immediately from Proposition 3.2. We prove the converse direction. 
First we show that 

DSF'(P°°(r)) =P°°(R) 

It is easy to show that DSF'(P°°(r)) C P°°(R). Conversely, take F G P°°(R). T is projective as a right 
/^-module, and proj.dim(rr ®r F) < oo, so proj.dim(#r ®r [jT ®r Y)) < oo. Using the fact that rTj is 
separable, we obtain that F is an /^-module direct summand of F'{jT ®rY), that is, F G DSF / (P 00 (r). 



Now suppose that P°°(r) is contravariantly finite. By Q20[ Theorem 2.1], F'(P°°(T)) is contravariantly 
finite in rM , and then DSF'(P°°(r)) is contravariantly finite (compare to the proof of Proposition [T2|). 
Consequently P°°(R) is contravariantly finite in M . 

The proof of 2) is similar to the proof of 1), because T is finitely generated and projective as a left and 
right 7?-module. We omit the details. 

Now we prove 3). Take X G P°°(T) with projective dimension m. proj.dim(«r) = 0, hence proj.dim(«X) < 
m. and we claim that we have equality: the projective dimension of F(X) is smaller than the projective 



dimension of X as an 7?-module, and, by Lemma ^T|, X is a 7-direct summand of F(X). 
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It follows that m < Fin.dim R, and Fin.dim T < Fin.dim R. We are done if we can show that Fin.dim T > 
Fin.dim R. Take Y G rM with projective dimension n. It is easy to see that proj.dim(7T ®rY) < n and 
proj.dim(#r ®t (T ®rY)) < n. If proj.dim(7T ®rY) < n, then proj.dim(j?r ®t (T <S>rY)) < n, and Y, 
being a direct summand, has projective dimension stricty smaller than n, contradicting the assumption on 
Y. We conclude that proj.dim(rr (g)« Y) = n and n < Fin.dim T. This shows that Fin.dim T > Fin.dim R. 
The proof of 4) is similar to the proof of 3), using the fact that T is finitely generated as a left and right 
/^-module. □ 



Theorem 3.4 Let Suppose T /R be a biseparable extension ofArtin algebras. Then 

1. dom.dim T = dom.dim R; 

2. T is an Auslander algebra if and only ifR is an Auslander algebra. 
Proof. l)Let 

o ->r-»/ ->/!->•••-► 

be a minimal injective resolution of T. The restriction of scalars functor G preserves injectives, so this 
resolution is also an injective resolution of T as an /^-module. Now rR is a direct summand of rT, so we 
have an injective resolution of R 

0_>/?_>jS_>j<-..._>j<_>... 
with /'• an /^-module direct summand of Ij, for all j. 

If dom.dim T = °°, that is, every Ij is projective, then Ij is projective since Ij is projective in rM , and 
dom.dim R = °°. 

If dom.dim T = n, then /„ is not projective as a T-module, and the same argument as in the case where 
dom.dim T = oo shows that dom.dim R>n. If dom.dim R> n, then the i?-injective resolution of T has 
the property that /„ is projective as an /^-module. This implies that T ®rI„ is a projective T-module, 
and /„ is a projective T-module, since it is a T-direct summand of T (&rI„- This is a contradiction, so it 
follows that dom.dim R = n, finishing the proof of part 1). 

2) Recall that an Artin algeba T is an Auslander algebra if and only if glob.dim T < 2 and dom.dim T > 2. 
From [Q, Theorem 2.6], we know that the global dimensions of R and T are equal. Combining this with 
part 1), we find 2). □ 



Remark 3.5 Theorem 3.4 has been proved in [16], in the case of skew group ring extensions. 



Proposition 3.6 Let R and T be Artin algebras, and assume that there exists a biseparable (T,R) 
bimodule M. Then R is of finite representation type if and only ifT is of finite representation type. 



Proof. Assume that R is of finite representation type. It follows from the separability of M and Lemma 3.1 
that the full subcategory m&{jM ) of j'M consisting of finitely generated indecomposable modules co- 
incides with the full subcategory ind(DSIm(F)) of DSIm(F) consisting of finitely generated indecom- 
posable modules. ind(DSIm(F)) is of finite representation type since R is of finite representation type, 
and it follows that ind(r) is of finite representation type. The converse implication follows from the fact 
that the (R, r)-bimodule M* is biseparable. □ 
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Corollary 3.7 Let A be a finite dimensional algebra over a field k. If there is a separable bimodule &M\, 
then A is of finite representation type. 



Proof. We note that ind^fW ) contains just one object. It then follows from the proof of Proposition ^6 



that A is of finite representation type. □ 

From now on we assume that R and T are finite dimensional Artin algebras over an algebraically closed 
field k. Any finite dimensional ^-algebra is Morita equivalent to a basic algebra of the form kQ/I. Q is 



called the Gabriel quiver of A (cf. [17]). Recall that a quiver Q is a pair (Qq,Qi), where <2o is the set 
of vertices and Q\ is the set of arrows. A ^-algebra A = kQ/I is of tame representation type if for each 
dimension vector z G N^°, there exist finitely many parametrizing A-&[f] -bimodules M\, ■ ■ ■ ,M S satisfying 
the two following conditions: 

1. every Mj is finitely generated and free as a right k[t]— module; 

2. every indecomposable A-module X for which dimX = z is isomorphic to a module of the form 
Mi® (k[t]/(t-X)), with i G {1,-- • ,s} and X G k. 

It was proved in JT2| ] , Jl3| ] that A is of tame representation type if and only if A is weakly tame. This means 
that for every z G , there is a family of finitely generated A-&[?]-bimodules Mi, • • • ,M S such that each 
indecomposable A-module X with dimX = z is a direct summand of M; ®k[t] S for some i G {1 , • • • , s} and 
a simple k[t]— module S. 

Proposition 3.8 Let R and T be finite dimensional algebras over an algebraically closed field.Then R is 
of tame representation type if and only ifT is of tame representation type. 

Proof. We divide the proof into two parts. First, we show that we can restrict attention to the situation 

where T and R are basic. Then we prove the Theorem for basic algebras R and T. 

Let T 1 be the basic algebra of T. Then there is a (T ! , T) -bimodule X that induces an equivalence 

F\ =X®t* '■ — ► . We claim that jiX ®t Mr is biseparable. Firstly, since tXj and jMr 

are separable, by Corollary ^9] we have that F\ (M) is separable. Secondly, we have an isomorphism of 

(/?,5')-bimodules: 

Hom R (X ® T M,R) ^ Horn T (X, Horn (M,R)) 

jiXj is biseparable, because it induces a Morita equivalence. It follows from Theorem [2. 10| that 
Horn j (X, Horn r(M,R)) is separable. Third, we can easily verify that F\{M)r and t'F\(M) are finitely 
generated projective. Then we have that T >X <S>r Mr is biseparable. Dually, let R' be the basic algebra of 
R and rYri the bimodule inducing an equivalence Gi = • <S>r Yr> : Mr — > !Mrl A similar argument shows 
that F\{M) (S)rY is a biseparable (7", /^-bimodule. So without loss of generality, we can assume that T 
and R are basic algebras and jMr is biseparable. 



Assume that R = kQ/I is of tame representation type. We will prove that T = kT/J is weakly tame. 
Let w = {w{i))ier be a dimension vector. We prove that there are only finitely many dimension vectors 
1 = ( v U))jeQ w i tn I = dim GfAQ for some T-module Af with dimTV = w. Let P(j) be the indecomposable 
projective /^-module corresponding to the vertex j. Then we have an isomorphism 

Rom R (P(j),G(N))^Hom T (M® R P(j),N) 

Homj(M ®RP(j),N) is a direct summand of Homr(M,A^), and it follows that 

dim^Hom R (P(j),G(A^)) < diimflonir (M,N) 
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for all j. The left hand side has an upper bound dirn&Hom J t(M ) jfe£ w 'W). Therefore there are only finitely 
many dimension vectors v = {v(j))jeQ with v = dimG(A^) for some T-module N with dim /V = w. Let 
indfl(v) denote the subcategory of rM consisting of indecomposable modules with dimension vector 
v. Since R is tame, there are finitely many (/?,&[?])-bimodules M, which are finitely generated free right 
k[t]] -modules and parametrize all inds(v), where z fullfils the above estimation. LetM- = M®#M,-. Then 
we have that any indecomposable left T-module N with dim /V = z is isomorphic to a direct summand of 
M'i 0/t[r] S for some simple &[?]-module S. This proves that T is weakly tame. For the converse direction, 
we use the separability of the (7?, r)-bimodule M* and the tameness of T. The arguments are then the 
duals of the ones presented above. □ 



Combining Propositions [Si] and [^8] with Drozd's tame- wild dichotomy theorem [gj, we obtain the fol- 
lowing result. 

Theorem 3.9 Let R and T be finite dimensional algebras over an algebraically closed field, and jMr a 
biseparable bimodule. Then 

1. R is of finite representation type if and only ifT is of finite representation type; 

2. R is of tame and infinite representation type if and only ifT is of tame and infinite representation 
type; 

3. R is of wild representation type if and only ifT is of wild representation type. 



4 Right approximations 

It is a difficult problem to decide which subcategories are contravariantly finite, and to find a right approx- 
imation (see |IlJ], [0], In this Section, we will see that separable functors reflect approximations. 
Then we give some descriptions of split extensions and Frobenius extensions. 



Let F : C — > D be a covariant functor. F induces a natural transformation 



7 : Hom c (.,.)^Hom 2) (F(.),F(.)), 7c Mf)=F{f) 



Recall from [14] that F is called separable if J splits as a natural transformation, that is, there exists a 
natural transformation 

2>: Hom c (F(.),F(.))^Hom c (»,») 

such that <P o<y is the identity natural transformation on Horn c (•,•). For a detailed study of separable 
functors, we refer the reader to M\. 



Proposition 4.1 Let F : C — > 7> be a separable functor, and T a full subcategory of C. Let C\ £ T and 
CEC, and a morphism f : C\ —> C. IfF(f) : F(C\) — >F(C) is a right (resp. a left) F \T)- approximation 
ofF(C), then f : C\ — > C is a right (resp. a left) T -approximation ofC. 

Proof. Assume that F(f) : F(C\) — > F(C) is a right F{1 ) -approximation of F(C). Let g : B — > C be a 
morphism in C. Then there exists a morphism h : F(B) — > F(C) in <D such that the following diagram 
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commutes: 



F(B) 



F(f) 



F B) 



F(g) 



F(C) 



that is, F(g) = F(f) oh. It follows from the separability of F that we have the following commutative 
diagram in C : 

<p(h) 




or g = fo fp (h). This means that / : C\ — > C is a right T -approximation of C. The proof in the case of a 
left approximation is similar. □ 

We will now study ring extensions from the point of view of approximations. Consider a ring extension 
R/S. We use the following notation for the restriction of scalars functors: 

G' : Mr —> Ms and G : s^R —> s^s 

It is well-known that G and G' have a right adjoint and a left adjoint, and it follows that Im (G) (resp. 
Im (G 1 )) is covariantly and contravariantly finite im sfMj (resp. Ms) (see Section [l|), and we can construct 
left and right approximations. In particular, a right Im(G)-approximation of 5^5 is the map <|) : R* — > S, 
mapping / ER* to /(l). (j) is also a right Im(G')-approximation of Ss 

Proposition 4.2 : $Rr — > Homs(R,S) is an isomorphism of (S,R)-bimodules, then E = (j)(l) : 5^5 — > 
5 ij a n'g/zf lm(G)-approximation ofsSs, and also a right Im {G')- approximation ofSs- 

Proof. We know that us : 5/?* 7?s — » 5 is a right Im (G)-approximation of s»Ss. We have the following 
commutative diagram of 5-bimodules: 



R 



R®rR 



(|><g>lff 



A" 



All the vertical maps are isomorphisms, so £ is a right Im(G) -approximation of S. us is also a right 
Im (G') -approximation of S, and the same is true for E. □ 
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Corollary 4.3 If R/S is a Frobenius extension, with Frobenius system {E,Xj,yi}, then E : R — > S is a 
right Im (G) -approximation of sSs- 

A right Im (G') -approximation E : R — > S of S$ is called non-degenerate if Ker (£") contains no non-zero 
right ideal of R. 

Theorem 4.4 Let the S-bimodule map E : R ^ S be a right Im(G') -approximation of S$ and A = 
Ends(7?). Then 

R* = Uom s (R,S) =EoA 

as (S,R)-bimodules. If E is non-degenerate, thenR=EoAas (S,R)-bimodules. Conversely, ifR = EoA 
as (S,R)-bimodules, then there exists a non-degenerate Im(G') -approximation E\ : $Rs ~^ S °fSs- 

Proof. Let E : R — > Ss be a right In^G^-appriximation of 55. For any / <G Homs(/?,,S), there is an 
h : Rs ^ Rs such that f = Eoh, and it follows that R* = E oA, as right A-modules. Observe that £" o A 
is a left S-module, since s-(Eof) = E o (s ■ f), for all s G 5 and / G A. Indeed, for all x £ R, we have 

*-(£o/)(x) = =£(j/W) = (£o(*. /))(*) 

Finally, we have a monomorphism R —>■ A, mapping r to m r : R^R, m r (x) = rx, and we have an (S,R)- 
bimodule isomorphism R* = E o A. 

Now suppose that £" is non-degenerate. It is easy to see that E oR is an (5,/?)-subbimodule of R*. The 
map a : R — > £0/?, a(x) = E om r is surjective. It is injective, since £" is non-degenerate: if x € Ker a, 
then £"(xr) = 0, for all r £ R, and xR is a non-zero right ideal of R contained in Ker£\ Thus a is an 
isomorphism of right (5',/?)-bimodules. 

Conversely, let a : R — > E oR be an isomorphism of (,S,/?)-bimodules, with inverse a -1 . Let a(l) =Eoa 
wAa-\E) = b. Then 

E = a{cT l {E)) = a(b) = a(l)b = Eom a om h =Eom ah 

This implies that E(abx) = E(x), and E((ab — l)x) = 0, for all x G R. Then aZ? = 1, otherwise R(ab — 1) 
is a non-zero right ideal contained in Ker£". Also 

1 =0T 1 (a(l)) =a-\Eom a ) = a~\E)a = ba 

Eom a is an S-bimodule map since 

(Eom a ){sx) = oc(l)(5x) = (a(l)-s)(x) =a(s)(x) =sa(l)(x) = s(E om a )(x) 

for all x G R and s G S. E = Eom a b = £om [1 om f ,isa right Im (G')-approximation of Ss, so Eom a is also 
a right Im(G') -approximation of Ss- Finally, E om a is non-degenerate: assume that there exists x G R 
such that (£ o m a ){xr) = for all r G /?. Then 

OC(x)(r) = (a(l)x)(r) = (Eom a )(xr)=0 

for all r G /?, hence oc(x) = 0, and x = 0, since a is bijective. □ 
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